
Genus of a modular
curve

④ o.O



Maps between Riemann surfaces

Definition : Let X
'

be a Riemann surface
.

A complex valued function 4 defined on an

open set U CX is holomorphic if and only if
for any

PE U and
any

local coordinate

10 at P Yolo
'
is holomorphic near OCP)

.
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Maps between Riemann surfaces
Definition : A continuous map f :Y→X between

two Riemann surfaces is holomorphic if for
any holomorphic chart 0 : U → E in X the

map too f : ECU) → E is holomorphic .

Such a map is called an isomorphism of
Riemann surfaces ( or biholomorphic map) if it is
a homeomorphism and its inverse is holomorphic .



Example it.

X11) - compact Riemann surface slack)lh*
T -

congruence subgroup of slack)

X ( t ) - compact Riemann surface TLh*
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Multiplicity of a holomorphic map at a point

Proposition : Let f :X → Y be a holomorphic map
between Riemann surfaces .

Then for any PEX there is a unique integer
M - Mep , s 70 ,

such that there exist local

parameters near p and fcp) with f having
the form Z t z?



Proof of the proposition y=fc×)
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Definition : The integer m given in the above

proposition is the multiplicity of f at p ,
denoted nueetcf

, p) .

Definition : A point PEX is a ramification point
of f if malt Cf

, p) 32 .

Exercise : The set of ramification points is discrete .
ramification ×t→Y← branching

• p points points

Definition : Image of a ramification point is a
branching point.



Theorem ( Open mapping theorem)
Let f : X → Y be a holomorphic and
non - constant map .

Then f maps open
subsets of X into open subsets of Y



Theorem : Let X and Y be compact connected
Riemann surfaces . Suppose that f :X→Y
is a non - constant holomorphic map .

Then f is surjective .



Degree of a holomorphic map

Proposition : Let f : X → Y be a non - constant

holomorphic map between compact connected
Riemann surfaces .

For each y EY we define

dy Cf ) : =? multi f. x) .

C- I'Cy)

Then dy Cf) is finite and constant

( independent of y ) .



Proof of the proposition .
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Degree of a holomorphic map .

Definition ; Let f :X → Y be a non -constant

holomorphic map between compact connected
Riemann surfaces .

The degree of f,
denoted degcf )

,
is the integer dy Cf ) for

arbitrary y EY.



Example .

Let t be a congruence subgroup of IT.

Then the map

x : Xlt) → XU)
has degree a

→

deg cos -- EI : FJ

JT
a.
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Genus
Classification of compact surfaces implies :

Topologically a compact Riemann surface X
is a sphere with

g handles
.
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Triangulation
Definition : Let X be a topological space
( a surface in our case)
A triangulation of X is the collection

of maps
.

Ti :
.

T
•

→ X such that

• x = feet)
• ti is a homeomorphism from T to tilt)
• if Tj (T ) ht; CT) is non - empty then face

I:{
T) ht CT) = Ii =tjCedgx)
face = Tj I face
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Euler 's formula.

Theorem : Let X be a compact surface of genus

g×
and let J be a triangulation of X .

Suppose that J consists of

ta triangles •

t
, edges

•

to vertices

Then ta - t. + to = 2- 2g× .



Riemann - Hurwitz formula

Theorem : Let X and Y be compact
connected Riemann surfaces .

Let f : X → Y be a non - constant

holomorphic map .

Then

2g× - 2 -- degcfsiczgy -2) +I¥muetCf,x) -D
T

we can only over
the ramification points.



Sketch of the proof.
Let Ty be a triangulation of Y such that

all branching points of f are in the

set of vertices of Ty
•
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D= degcf)
Claim : Let t : T→ Y be a triangle in
a triangulation Ty .

Then I
'
( ECT )) is

a disjoint union of d open triangles .

The
maps floe : T→ X give a triangulation
Tx of X .

Suppose that Ty consists of ↳ vertices
,
t
. edges, tztriaagles

then Tx consists of ditz triangles, d. te edges
and to vertices

Let Vy be the set of vertices of Ty and Vx be

the set of vertices of Jx



Let Vy, be the set of vertices of Ty and Vx be

the set of vertices of Tx

Ev
, .EE#.ymultct.xs--Evy.d--

* vii.a

Er
, .FI#ymultct.D--Iqmuetcf.x)

¥v×muttH, x) - #V×=¥y!multifid -D multifid -1
Thus * Vy . d - # V× = ¥×(muetcf, x) - 1) .



Jx consists of to vertices
, ti edges, ti triangles

to - ti + ti = 2- 2g×
Jy consists of to vertices

,

t
, edges , ta triangles

to - t
,
t ta = 2- 2g y

ti -- d.tn
,
ta -- ditz , to = dto -¥×[mutton) -D
v

2- 2g×= d ( 2- 2gy) -¥×[MuttCfi) - t) . %



Genus of a modular curve

Theorem : Let T be a congruence subgroup
of slack) .

Let te : XLT ) → Xu) be

the natural projection ,
and let D= deg Cte) .

Let ez and E
,
denote the number of

elliptic points of period 2 and 3 in XCD
,

and E
- the number of cusps of XCT) .

Then the genus of Xlt) is

g = It EE - ¥ - Eg - EE .



Proof.
We will use the Riemann - Hurwitz formula

.

oe : XLT ) → Xlt)

2gCxctD-2-d@gCxceD-4E2q.jLmult.afn.x) - I ]
We know that gCXGD=o
It remains to compute

• i

-
•

⇐ erjmultca.sc) -B g :?tzI

Consider the following cases :

• point x is regular
• point x is elliptic on X ( T)
• point x is a cusp



Suppose that point ocexct) is regular
then :

* Mex) is not a cusp on X11 )
-

*

* thx) can be regular ash→ X11)

(elliptic of order 2 (n'Ci ) )
elliptic of order 3 ( n'Cg ) )

must ⇒⇒
f)

matter,x> =3multi ( Tsx) --2



Suppose that XEXCT) is elliptic of order 2

then xcx) is elliptic of order 2

Mutt ( te
,
x) = I

Suppose that ace XCT) is elliptic of order 3
then thx) is elliptic of order 3

malt Coe
,⇒ =L



Suppose that xe XCT) is a cusp .

Then tic x) is a cusp (the cusp of XM)
x : FLPYQ) → II- PYQ)

Let on
, . . .

,
an be the cusps of Xlt)

Let Tao
,
be the stabilizer of Oz in F

hi i = [ IT;
: To;]
i

malt ( te
, i) = hi



2g - 2 =D@ - O - 2) t.IQ#multcti,od
- t )

x is a ramification point ⇒ tic x ) E Li
, g , so}

-2 (mutton, x) -D= -2 (t - 1) +I Cz-D
XE Ji

'

Ci) Jkx> = i text- i

X is elliptic x is

of order 2 regular

= # ti
'
Ci) - Ez = dz - E

Z

d =¥⇒
,

nuettcti
,
x ) = ⇐ Titi ) - Ez)-2 + Ez

D= 2 . # Titi ) - Ez ⇒ #I'Ci) = dtzI



If, (multiaid - t ) = -2 (3- 1) +I G-D
KE I'g) KEI't)

x ellipticx regular of order 3

= 2 . ( # a-
'

Cg) - Es) = Id - ZE
,

d;¥,q,
Mutt in

,
x) = 3C #Ets) - Es) + Ez

d = 3 - # tics) - 2 - E
,
⇒ # E' le) = It ESE

,
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¥⇒,(mutton ,⇒ - 1) = d- # a-
'

ca ) -- d- e
.

EEE
,

(mutton ,⇒* d-s.

2g - 2 -- dG.o - 2) +
.

mutton
,
H -D ; gutters

- D

+¥,
(mutton

,
x) -D

= - Ld + E - EI + Ed - EE, + d - Ea
g = It fz - EF - EI - Eze FA

.
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