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M@Ps Ke{ween/ R/'ema/m/ Srfaces

Definition: Lt X 6o a Kemann swface
A complex  mlwed  Juncton ¥ defined on an
0/6% et U < X e /;olomor/o/uc, 7 ancd 0/0/5 f
for any FPell  and bl  coordinate
D at e Yo QP Aofmmor/p%c near P (P)

/ Yo P Ao/om@ rp luc

CJ\M‘& amum( P

X

‘()



:/%a//os between Fiemann surfaces

%efl'm'%f()n: (?jf CONtInuues Wm/o + V=X between

two  Riewayn surfaes 15 r’ioéomor/ahzfc, o Jor
%O&anyﬁw'c ~/C/%Laff DU > T i X the

map  Po £ FC(U)>T 5 Aolomorphic

Sucdy @ WF S called an isomor/ohism of

Riemann  sucfaces (or Gholomorphic map) i i+ /s

a /\omeomor/oh/sm/ and. ts nterse IS /\otomorp%w'c(



< xample [

X (1) — com/w(f Riemann  <urface Sk 6743\791
I Congfuence. Ku/@gPOoqo of Sl (75

X(F) — wompact  Riewann — Surfae 1'\‘9\

¥ v % =

LS R = ra\f
: X (1))




./Mu[‘é't/oba‘l‘j of a /nolomorlb/u'c mafb at a /DO/ﬂt

R‘OPOS('ILI'OVL: O[Q/t f X = Y be a ﬁolomor/opw'c ma;/o
Betweop @fema/nm, Surfaces
W\U/v QCOF Wﬂ/aﬁ P e X %We 5 a L{m,‘cib{e M’é@%@r
wL = m\’,f >0  Suche Lthat there esist loca
pacam eters  near P amd f CP) with JC ham'nj

the  Fform  Z > Z.






D efinition; The imt@jef m given in the above
proposi tion.  is the mu[ﬁ}oh'a’z,‘y of f at p,
denoted  mwlt (£, P,

De;("m'iion.: A /DO/'mt />€->< S Q@ ramif;'cafz'on Pom‘t
of + iF mubl (£ pD =2,

éxerc"se; T/)@ set of fam(ﬁcai/om ,bomz:sc IS o[é;cdefe,
T aw«‘fi@‘ﬁo” tauncly .
P P@M’rsexéYé' pns 2
Deffm'{-ion: Im@e 0of a mm/#‘cmfv'om /ooz'm.‘ % a

branching point.



Tﬁeor‘em(oloen, Ma,,blodnj {’/leOfem)

Aot JC X =Y e« ft@[amqu/w"c, ol

noh- cons+tant mc% Then JC maps  Qpen
ybeets of X nto opeh Stbsets of Y



771€Df em, M X and Y b c&mpgp% connected
Riemammn Surfaces. Safb pose thatt f X |4
S a nom - constant /to[omof/g lue fm@/b

Then £ s gu@'eciv'lf e



%Ejf e of a ﬁo&)mor/oh/'c_ mafo

?r‘o os;-é,on Aot f X = Y be  a non-coustant
/ROLOVV\O/”FWC /mﬂ//o 5@&%69@ COm/oczc;b connected.
Kiemann — surfaces . For each Yy € Y awe define

Of (£ = L mult (£ x),
Qccac(ég
Thew O((JL) s Jdinde and  constant
(i na”e/bew/emt of ).



Froo § of the prop osition.

amE | §
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$ejree of a /\olomor/o/’u'c map.

%e'}fnijcion : /@é Jf X 22X e a non-constant
%0K0mof/oh/'c WLCL/D gefwee/q/ compacf connected,.
Q{emamw Surfaces . 7749, degree Of JC)
denoted O/ej(f )/ (s the cnteger G/j (£ For
aréitcary y e



& xample.
Aot [ 6 « congruence ﬂ/@rm@p of

T/?en %A& may/ﬁ
g, X (M) — X(1)
has ﬂ(%qf@@ .
Ao (5y - T . | L — -
G = LL TS AN N

A0

y &



Gens

C@/Otféaqf\@%or\ O% COMP"!CJ& cucaces (m p, es .
/O[ao[@dmcal% A wm/om/% /Qr'emmn Surdace X
1c oL S /c/were, with g ’/DLW [es

%EJCM ition ] ’
The  wumber of famdles gng(x
s the genus of X

& xawple: q( X(T))=0



Trian g ulation
%eﬁmh’on: a(uﬁ >< be a f@ﬁﬁﬁoﬁt@é g/bm@

(a swrfae <n our case)

H %r;'anjwla'b‘om OJ[ X 15 the eollection

0f Anafes

o X = LU <, C TB
@ . 715 & ﬁwweomonrpﬁurm fmm e ﬁo Z, (T)
0 7} 2 (T} (] 7;J (T) IS noy- QM/O/g then Loco

+ace

ZTINTTY = 7, (e ferten)) = T; (€ge ferte)

L, }PQCQ, = z:‘l:fdce,




é’xam/a/eé \
m 4




Eler's formuba..

Theo»rem ﬂG/é X be a a@m/amif Surface  of genus
am A et J fe a 'érm,m\?ula;ﬁohf of X.
fu,/o/ooge that J  cousists of

fz’ +r a/mg/es“
t, ed (= ﬂﬁ>
T, Vecrtices

77"6#& 767/"’ —t/r 7 fa = oZ‘DZg)(~



Riemann - Hurwit = Fornuéa

7_/!eorem; At X anod 4 e C@m/ﬂawf

connectedl Kiemann Serfaces

Aot J( X =Y e a  non-constant
%@/@moqab‘f/ map,

Then

OZ%X, ol = a/ef(f).(ZgY -Z> t Z}(mu@f (ijx}i)
7\

we can Onlg over
‘the am{—f{cai%fon, POIIY'*S.



Sketoh of the proof-

a&/f g; be a Anan 19 wlation  of Y Such z%a/f
L ﬁmymg poin s of £ are < ‘he
Se t o J[ Ve 6'(@5 o § jY




d= deg( £)
C[a/m, .‘ M v, I =Y & o %ﬁ‘m/zy/e (n
o triangdation Ty Then  £1(z(T) s
a OCSJomjé wnion Of d open tnangles .
m fa’)’)a,/og aé/lor / 7_—/>)< gﬂ)‘e a fr/'@njw&;ﬁon
3\;( @;)[ X

Smppog@, that UJY conists of T vémfm% t, ec/&eg z, fn'w{y/es

H\QVL \)% COMQS?LS Of A i fmwj/es A t:L 86{785
and. 7.1: vertices

it \/Y be the set of werbies of J; amd V, be

the Sl of werbes of Ty



Aot Vy be the set of werbies of j amd V6o

the  Set of  verbwes o f ‘-JX ﬁ
T b > = I A= #Y,d
36\/\( QCG\/X i’]é\/\{
f(o@:g
ST w0 Z bl ()
’}ﬁé\/\( X EVy IC\/
/f(x)t\a
L o (5, #V, = ) (mabb(§ )0)=L S (b))
X & Vy Ié\[

Thws Vo -d - #V, - Z(w@f(f,o 43.

xXe X



Iy consists of 2o verbws é; edges, éz/ triamgles

+ —t;+*é: = 5&~ij

0

J; consists of T, Vertices 2 elges <, oaagles

’é — + 'éz_ = 2/_23)(

t=d b, £ - 44, t0 = A - [milt O]

0 xeX
Vg

2-25 = d (2-29) -7 [mult(5,- 1| g

XE X



Gemus ©0f a modular curve

TL\eorem: ol [ Be a cong (uemce aca%mup

of SL,(Z) et T X(ID) = X(1) ée

‘he natwrael /bmf/’ec;é/“om , and Gt ol ZO/Gg (),
Aot e,  and £, Aenote +the wember of
eé@}bﬁb points of permod 2 and 3 <in X Uj/
md  Eco  the  number of cusps  of X ().
Then the  genus of X(I) s

v s, s

g:7—+__,—_____£_3__oo



?roof,

7/(/8 wi L Use the Qz‘@mmn~ /%MZU/'ZZE Fformula
w o XY — X (1)

oZg (X(fD - 2. :A(Zﬁ(X(/l\)Q)FZX( %W(ﬂj x)-l]
e X(r
We  Raow that 3(%(4)) -0 j

Tt cemaing Cé)mpwfe

[ wadt (3¢, - 1 | f:f—?ﬁ
o€ X (7))
COM! der  the Jollowin cases !

@ Point 2 s reﬁu[w{»
® point x o elliptic on X (F)
® pont o i a cusP




gmjf;ﬁ:oge that [DOEWt %é%( [—> /S rc—ﬁwcz/r
+hon ;
—J UI(X) 15 not a Cusp oen XM)

v
HOO  can e 2’ 71— ¥(1)

QZ& O{OW/@,Q’Z (72(1))
szﬁc of ordefr 3 ( o (j’))

il )>< _
X, £) =] ik (3,53 =3 W(UQX)‘S



gW]OPW({ M X < >< U—> 1S @M(‘/oﬁ'c_ QJf Ofo/e( 2
+ Ae/h/ JI(x) /s @/Zz,b-/zc of oroler -
Ydt (T, x> = 4

Suﬂgese +heok xe X( I’) S e//lc'(fm%_ of order 3
then TK) IS e[&)b#c of orcler 3

wlt (T =) =41



Sa/bp%e/ that e X(I'D s « cusp.
Then HCxD 15 a  cugp <‘£/le cusfp 09 of X/43>

T F\Pﬂ(@> — /:;\TP/’(@)
At o0 .. o0, b the cusps  of X(/—l
ot [O_OL‘ be the stab¥ zer of o0 b 0
V)L . L__ rj{/'oob_ : ];O,Ll

MM{ZZL(JZ/ OOﬁr) = W(;



24 3 J(20-2)¢ 2 (wulh (5,0- 1)
x € X(I)
XL (5 @& ramfﬁauéon P@fmﬁ = J(x) € {{/ f; ODB

D (matt @04y = D (A=1)+ 2 (2-1)

L€ T1() TICO=¢ 7I0)=(
X s el F%c X IS
of odec 2 feﬁula,(
. . _ _Oi_ E2
Jt (’L> — é — S >

{ < 2 bt x>y = (#FAO-EN + &,

Xé:’ﬂ(a)
— ~I e
d = gg.#m(é)—g?_ > HI()= 0(;




P (ki (w2 -4 ) = L (3-1)+ Z(44>

X Gejula( o q&d%
—| z l

d=2_  wdt (o = (A -£ )+ &
%éﬁ'(f)

d = 3 ﬁﬁ‘(?)-i-és = #i\(§)=%+%£

3



D (o (- AN v dog,

X €31 ()
Z (Wuﬂf Cw)x)'gr 0(—2(,9
X E ;—1'(00)
29-2 =d@o- 2)« I_ (b G-1) e ) (wald (255-1)
xe7(5) XET (p)

+ Z (VIWLJC (31, x)~()

/ Xéﬁ'(ao)

_ &z

=-dd + -2 Sh-%e, 4 -g,




Ty = A (Y st | (2 8)= (15 mad2h

K(L)

[T F’(z)}‘e

L _—

()= ia(

2l e 3 Steb (TG

670 £, =0 @ , e (1) =d
*



